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In this paper we use a theorem of Crandall and Pazp to provide the product 
integral representation of the nonlinear evolution operator associated with solu- 
tions to the semilinear Volterra equation: 
r(v)(t) = TV(& T) p(0) + j f w(t, s)F(s, x,(p)) ds. 
7 
Here the kernel W(t, s) is a linear evolution operator on a Banach space X; 
I is an interval of the form [--r, 0] or (- co, 01 and F is a nonlinear mapping bf 
R x C(I, X) into X. The abstract theory is applied to examples of partiai 
functional differential equations. 
1. INTRODUCTION 
In this paper we shall be concerned with the representation and approximation 
of a class of semilinear Volterra equations which involve delay and have a 
iinear evolution operator as kernel. More specifically we consider equations 
of the form: 
Here, X denotes a Banach space and W(t, s) is a linear evolution operator 
mapping X to X. C is a space of functions from an interval of the form I = 
i-r, 0] or (-m, 0] to X. If z4 is continuous from I U [0, T] to X then ut is 
that element of C which has pointwise definition z+(e) = u(t f 6) for B ~1. 
If the linear evolution operator W(t, s) is generated by a family of linear operators 
(R(t) / t E [0, T]) then (1.1) is seen to provide a variation of parameters repre- 
sentation of solutions to 
One might say that (1.1) gives mild solutions to (1.2). In this paper we use 
the existence of solutions to (1 .I) to define a nonlinear evolution operator 
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U(t, T) mapping the Banach space C to itself. We then show that the nonlinear 
evolution equation obtained from solutions to our Volterra equation may be 
represented by a product integral. The product integral representation is then 
used to provide an approximation result for the solution to the Volterra equation. 
Much recent work deals with abstract delay equations. Travis and Webb 
[20], [21], [22] apply the theory of nonlinear semigroups, a treatment of stability 
appears in [21] and [12]. Dyson and Villella-Bressan [8] connect the work on 
product integration of Crandall and Pazy [6] with abstract functional differential 
equations. 
2. THE SOLUTION OPERATOR AND GENERATOR 
In this section we first outline some facts concerning linear and nonlinear 
evolution operators. We then obtain solutions to Eq. (1.1) and associate a 
nonlinear evolution operator with these solutions. This operator will map our 
space of initial functions to itself. Before proceeding further we make precise 
our notion of a space of initial functions. If I denotes the interval I = [-r, 0] 
or (-co, 0] then C = C(I, X) is the space of bounded, uniformly continuous 
functions with the supremum norm, 11 lIc. Our results are equally valid for 
each of these spaces. Because the proofs are virtually identical we argue only 
for the case of I = (-co, 01. We further remark that with minor modification 
we can carry out the subsequent analysis in the so-called spaces of fading 
memory which appear in [l]. 
A two parameter family of operators {lJ’(t, T) 1 0 < r < t < T} which map a 
Banach space X to itself is said to be a family of evolution operators provided: 
V(t, t) = I on X for t E [0, T] 
V(t, s) V(s, T) = qt, T) for O<r<s<t<T. 
If each operator is linear the family will be called a family of linear evolution 
operators. Linear evolution operators will be denoted by W(t, r). Evolution 
operators which are not necessarily assumed to be linear shall be called nonlinear 
evolution operators. Nonlinear evolution operators will be denoted by U(t, T) 
or V(t, T). If {V(t, T) 1 0 < 7 < t < T} . is a family of nonlinear evolution 
operators on a Banach space X, the family of operators {A(t) 1 t E [0, T]} defined 
by the equation 
/l(t) x = lim (v(t + h, t) x - x/h) 
h-O+ 
is said to generate {P(t, T) 1 0 < 7 < t < T}. A(t) is in general not everywhere 
defined, nonlinear and unbounded. Furthermore, as we shall see its domain may 
vary with t. 
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In [6, Theorem 2.11, Crandall and Pazy obtain a representation theorem which 
allows the construction of a family of nonlinear evolution operators. We shall 
briefly describe this result. We shall not present it in its full generality but 
rather present a version which is tailored to our subsequent needs. We find 
convenient to use quasi-dissipative operators rather then the quasi-accretive 
operators which appear in [6J; this only necessitates a sign change. If X is 
a general Banach space an operator A defined on a subset of X is said to be 
of class G!(w) if for each h > 0 such that Xw < 1 and each x, 2’ E D(A) we have 
We remark that this condition implies that (I - AA)-r exists on R(Z - AA) 
and is Lipschitz there with constant (1 - Am)-*. The Yosida approximations 
A, are defined on R(Z - AA) by 
A$ = -@(I - (I - M-1)x. 
It can be easily shown that: 
,4,.x = A(1 - AA)-lx. 
If R(Z - AA) = X for all h < A,, then one can define [6, p. 611 a possibly 
extended real number 111 Ax jjj to be: 
We have /I A,+ I\ < (1 - A,) II/ Ax /I/ and if x E D(A), /II Ax /I\ < /I Ax 11. 
To construct a family of nonlinear evolution operators { I’(t, 7) / 0 < T < 
t < T) from a family of nonlinear operators {A(t) j t E [O, T]) it is required that: 
(C.l) A(t) E a(w) for some w independent of t. 
-- 
(C.2) &4(t)) = X for t E [0, T]. 
(C.3) R(Z - AA(t)) = X for t E [0, T] and 0 < X < A0 and At,,w < 1. 
(C.4) There exists an increasing function L: [0, co) + [O, co) so that for 
~,TE[O, T],O <A <h,andxEX 
ll(z - u(t))-lx - (z - AA(~))-~v 11 d h 1 t - 7 1 L(II x ll>(l + III 4t)n: Iii). 
Whenever these foregoing conditions are met there exists a family of nonlinear 
evolution operators on X vrhich are defined by the infinite product formula: 
T/(4 4 x = k+i fi (I - (t - +LA(T f i(t - T),/tz))-’ x. (2.9 
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v(t, T) is further shown to satisfy the growth condition: 
[I V(t, 5-)x - V(t, 7)y /I < ewft-T) 11 x - y I/. 
This product integral representation gives rise to an approximation result 
for nonlinear evolution operators, [6, Theorem 4.11. For each n E Zf, we assume 
that {A(n, t) 1 t E [0, T]} sa IS t’ fi es conditions (C.1) through (C.4) with A, , CO and L 
independent of n E 2’. We also assume that {4(t) I t E [0, 7’1) satisfies these 
condition and that for x E X, t E [0, T] and h < X, 
pi (I - hA(n, t))-1 x = (I - AA(t))-1 x. 
If {VJt, T) j 0 < 7 < t < T} is the family of nonlinear evolution operators 
constructed from (A(72, t) ] t E [0, T]} via formula (2.2) then for x E X 
and the limit is uniform for t E [O, 2’1. 
We now turn our attention to families of linear operators. From this point 
on the notation A(t) shall denote a linear operator acting on the general Banach 
space X. The nonlinear operators which appear subsequently will be denoted 
if(t). These operators will act on the space of initial functions C = C(I, X). 
We introduce more restrictive conditions for a time dependent family of linear 
operators (4(t) j t E [0, T]}: 
(L.1) For each t E [0, T]; ,4(t) is closed, D(A(t)) is independent of t, 
and D(A(t)) = X. 
(L.2) There exists a real w so that for all 7 E [0, T], A(T) is the infinitesimal 
generator of a strongly continuous semigroup of linear operators ietA 1 t > O> 
such that 
I/ etAc7) /I ,< cwt. 
(L.3) There exists an L > 0 so that for all x E D(A(t)) and t, 7 E [0, T] 
II A(+ - A(+ II < I t - 7 14 x: ll)(l + II 4th II). 
It can be shown [26, p. 4261 that conditions (L.l) through (L.3) imply 
(,4(t) j t E [0, T]} satisfies conditions (C.l) through (C.4). Consequently 
(A(t) I t E [O, TII may b e used to provide an infinite product or product integral 
representation of a family of linear evolution operators (W(t, T) [ 0 < 7 < t < T}. 
Moreover, it is well known [26, p. 4311 that if x E Z&d(t)) then we can set 
v(t) = W(t, 7)~ to obtain the unique solution to the Cauchy initial value problem: 
w’(t) = A(t) w(t) 
W(T) = x 
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We further remark that it is not difficult to show that (L.3) implies the following 
estimate for resolvents 
ll(Z - AA(t))-1.3: - (I - xA(T))-?x 11 < x I t - 7 1 L(~l .I” !I)(1 + 11 A(t)% ;I) (2.3) 
We shall use this form of the estimate to establish our representation theorem 
but we will find (L.3) much more convenient when we apply the abstract theory 
to specific examples. 
We now introduce our hypothesis for the functional portion of (1.2). We 
require that for F: [0, T] x C -+ X there exists a continuous ,@a): [0, T] + Ii+ 
and M > 0 so that: 
(F.1) !I F(t, q~)> - F(t, #)I1 < B(t) II v - 4 Ilc tE[O, Tl, P,#EC 
(F.2) llF(t, F) -F(T, q~)ll < I t - 7 I ~~~11 5 llc t,TE[O, T], QDEC. 
It is not difficult to guarantee unique solutions of (1.1). We have: 
PROPOSITION 2.4. Let (R(t) 1 t E [0, T]} satisfy (L.l) through (L.3) a?zd 
(F.1) rind (F.2). Then, for each y E C and 7 E [0, T] there exists a unipe x(p): 
[T, T] -+ X mkich satisjies: 
The foregoing proposition is true under more general hypotheses and the 
reader is referred to [21], [lo] and [12]. Th e p roof is a classical Picard iteration. 
Unique solutions to (2.5) give rise to nonlinear evolution operators which 
are defined on the of space initial functions. If x(y)(t) is the solution with initial 
condition .x.,(v) = gi E C we define U(t, T): C --f C pointwise by the equation: 
It is not difficult to check that U(t, ) 7 so defined is continuous in t and 7 and 
the property that U(t, S) U(s, 7) = U(t, T) follows from the uniqueness of 
solutions. U(t, T) maps initial functions or “histories” to initial functions. 
It is not difficult to observe that (U(t, -r)pj)(O) = x(v)(t) and we may think of 
U(t, 7)~ as providing segments of the solution to (2.5). 
We now introduce a time dependent family of nonlinear operators {d(t) 1 
t E [0, T]} which map a subset of the Banach space C to C. For each t E [O, T] 
we define /f(t): C + C by the equations: 
D(zJ(t)) = {p / + E C, ~(0) E D(A(t)) and +-(0) = A(t) ~(0) + I7(t, v)) 
(2.7) 
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a(t) is nonlinear by virtue of its nonlinear domain and it is quite possible 
that the domain varies with t. 
In Section 3 we shall develop the machinery to prove the following theorem: 
THEOREM 2.6. Let {A(t) 1 t E [0, T]} b e a family of linear operators which 
satisfies conditions (L.l) through (L.3) and assume that F: [0, T] x C +- X 
satisjes (F.l) and (F.2). If { U(t, T) 1 0 < 7 < t < T} is the familj of nonlinear 
evolution operators dejtzed on the Banach space C via Eq. (2.6) u&CA(t) j t E [0, T]) 
is the family of operators on C defined by Eq. (2.7) then {l&t) 1 t E [0, T]} gentvvztes 
(U(t, T) 1 0 < 7 < t < T}. In other words, -d(t) is the opuator defined as the 
limit, 
A(t) v = lim (U(t + h, T) v - p)/h 
h+O+ 
w3) 
A(t) is examined in detail in [21] for the case of finite delay; infinite delays 
are considered in [l] and [lo]. We briefly describe some of these results which 
are outlined in Propositions 3.1-3.3 of [lo]. We let PO = suptofoA~] /3(t) and 
choose w. > ~up{--/3~ , W} and set A0 = w. + /3, . If Re X > A, then (A(t) - AZ-l 
is Lipschitz continuous on the space C with Lipschitz constant <l/(Re X - A,,); 
C can be chosen independent of t. We thus see that the operator (I - d(t))-l 
is Lipschitz continuous with Lipschitz constant <l/l - MO for all real 
h < l/X, . Hence a(t) is of class @(At,) on the Banach space C. Moreover for 
all v E C we have lim,,o+(l - d(t))-lg, = p; this means that D(&t)) is dense 
in C, i.e. D(A^)t)) = C. We now introduce a function /3,,: C + C by the equation: 
fl,#(O) = ,““/A j” e-““z)(s) ds. (2.9) 
e 
It can be shown that PA bears the following relationship to (I - AA(t))-‘. If 
~‘EI, then: 
(I - AA(t))-1 f+(e) 
= esjn(I - XA(t))-l(#(0) + AF(t, (I - AA(t))-I#)) + p,&(e). (2.10) 
One can further show that for each 7 E [0, T], A(T) is the infinitesimal 
generator of a semigroup of nonlinear transformations {S(t) / t > 0} on the 
Banach space C. The case of finite delays is covered in [21, Proposition 3.6J 
while infinite delays appear in [ 10, Theorem 21. Moreover, we have the repre- 
sentation: 
g+i (I - th&))y y. (2.11) 
We now wish to provide a lemma for the approximation of (I - A&*))-$. 
We consider the following approximation scheme: for each 12 E Z+ let (A(lz, T) 1 
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‘T E [0, T]] and F,: R x C + X satisfy (L.l) through (L.3) and (F.l) and (F.2) 
with w, L, /3(t) and M independent of n. Further assume that: 
(A.]) There exists a X, > 0 so that for 0 < X < h, , r E [O, T], x E X, 
lim,,,(l -- h&n, T)-lx = (I - hA(7)))lX. 
(A.2) For all 4) E C and T E [0, T], lim,,,FJ~, v) = F(T, yj. 
We define a(,,, T): C + C by the equations: 
Clearly each &n, T) has the previously described properties of A”(T) and we 
have the following lemma: 
LEMMA 2.12. If h is su$cimtly small, q~ E C and 7 E [0, T], 
1,+% (I - A&z, T))-’ ‘p = (I - X&)-l y7. 
Proof. To simplify the notation in the subsequent computations we suppress 
the T-dependence and write A(z) and F,(.). We choose N so that n > N 
implies that li(I - M(S))-r ~(0) - (I - h&l v(O)\1 < E; ii((I - M(E))-’ - 
(I - ,hA-L)(F((I - T+y))1I < E; and jj F,((I - h@p) - F((I - ti)-rp)lj < E. 
We pick X > 0 so that A < h, and /\&,/(I - ;\,,w) < $. Using the representation 
formula (2.10) for (I - X&n))-lpi and (I - hff)-$ we have for all 19 E I, 
(I - A&l y(8) - (I - h&z))-1 y(8) 
= e@qI - L!y(qJ(O) + XF((I - AA-$)) 
- esiA(I - AA(n))-‘(p(O) + #,((I - .@(n))-$)j 
= c+.‘~((I - AA)-l F(O) - (I - AA(n))-l r&O)) 
- Xee!n(I - ~A@z))-~(F,(I - ~@z))-~v) - F,((I - h&lp)) 
+ heejn(I - XA(~Z))-~(F((I - hA^)-bp) - F,((I - tij-+)j 
+ /kw((I - AA)-1 - (I - AA(n))-l)(F(I - AA)-iv)). (2.14) 
We recall that il(I - AA(n))-l 11 ,( I/( 1 - XU). For any *1 E Z+ there exists a 
on E I so that 
0 < {Il(I - x&19, - (I - AA(n))-I,, /lc 
- ll(I - AA)-1 g)(B,) - [I - X&z))-1 y@,)ll> < E. (2.15) 
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From (2.14) we obtain the estimate 
Adding (2.15) and (2.16) and using (L.2) together with the estimate provided at 
the beginning of the proof we can observe that \I(1 - .AA)-lg, - (I - A&H)))‘(P /lc 
is bounded by a constant multiple of E and the desired estimate follows. 
3. REPRESENTATION AND APPROXIM~~TION OF u(t, T) 
We can now provide a product integral representation for the nonlinear 
evolution operator associated with solutions to (2.3). Our approach consists 
in an application of the approximation theory of nonlinear evolution equations 
appearing in [6]. W’e argue that the product integral, 
ii fi (I - (t - T)/& + i(t - +n))- y 
2=1 
exists and then that it is equal to U(t, ~)g). The following proposition is a slight 
modification of a result due to Dyson and Villella-Bressan [8]. 
PROPOSITION 3.1. Let i14(t) 1 t E [0, T]} be a family of linear operators 
defined in a Banach space X that satisjes (L.l) through (L.3) and suppose that 
F:RxC + X satis$es (F.l) and (F.2). If (A(t) / t E [0, T]) is tht family of 
operators defined in C by (2.4), then thme exists a nonlinear evolution operator 
V(t, 7): C - C sd that for all q2 E C, 
V(t, 7) y = ~JIYJ fi (I - (t - 7)/nd(7 + i(t - 7)/n))-’ v O<r<t<T. 
2=1 (3.2) 
Proof. We need to show (A(t) / t E [0, T]) satisfies (C.l) through (C.4). We -- 
have already indicated that d(t) E G!(A,,), D(,$t)) = C and that (I - Ld(t))-l 
is defined on C and Lipschitz. Thus to apply the Crandall-Pazy theorem we 
need only show that (C.4) is satisfied. We choose h < A, so that 0 < A/3,/ 
(1 - hw) < l/2. We temporariIy select v E C so that gj E D(&t)). For 0 E I, 
we see: 
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(I- AA(t))-1 q(O) - (I - A&))-1 @j 
= esjA((l - A-d(t))-l y’(O) - (I - L4(7))-l T(O)) 
+ Xe@!*((I - ha(t))-l - (I - X,~(T))-~) F(t, (I - U(t))-l9;) 
+ Aey1 - h4(T))-yF(t, (I - AA(t))-19)) - F(T, (I - X&j)-lrp)) 
+ ks:‘(l - M(T))-l(F(-r, (I - AA(t))-l~) - F(7, (I - h4(Tj)-1p)j. 
Thus transposing the rightmost term above and estimating we obtain for all 0 E 1 
I!(1 - AA(t))-’ y(e) - (I - A&))-1 q@)ll 
- (A&J1 - Xw,) I[(1 - AA(r)p, - (I - Xd(7))-lp llc 
< eejx ll((I - X4(t))-l - (I - AA(T))-l) p(O)11 
+ heal,’ ll((I - AA(t))-1 - (I - A-~(T))-‘) F(t, (I - Aif(t))p’q$ 
+ Xeeii il(I - h4(~))-l lt(ll F(t, (I - h&t))-l) - F(T, (I - d(t))-lvll). 
(3.3) 
We recall the properties of the Yosida approximation -4,+(t) and use (L.3) 
to observe that the second term on the right side of (3.3) can be dominated in 
the following manner: 
,\es:,’ I\((1 - XA(t))-l(l - hA(t))(l - x;2(Tjj-l 
- (I - A,z(t))-‘(I - AA(-r))(I - XL!(T))-l) F(t, (I - AA(tjy)lj 
< XesjA( 1 /l - hwa) ~l(hLl(t)(l - M(T))-~ 
- XA(-r)(l - ~A(T))-~) F(t, (I - x2(t))-$)\I 
< A@~~‘( l/l - hw,) / t - 7 / L(ji(l - M(T))-l F(t, (I - hd(t))-l~)/~) 
:< (X f h 11 a(~)(1 - k4(T))-l F(t, (I - A&t))-‘y)ll) 
< Xesjn(ljl - hw,) 1 t - 7 I L((l/l - hw”) IIF(t, (I - AA(t))%)) 
x (A + (1 + l/(1 - Xw,J) /I F(t, (I - Az8(t))-1~)ll> 
Applying (F.l) it is not difficult to construct an L, so that the above expression 
is bounded by 
X I f - 7 I WI I- Jti(t))-lp) llc + II F(f, O)ll)(l + IIV - .~(t))Y~ llc + II W, Wh 
(3.4) 
Property (L.3) in the form of (2.3) 11 a GWS us to bound the first term on the 
right side of (3.3) by 
h I t - T I L(il dW)(l + II -4(t) dO)ll) (3.5) 
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The Lipschitz condition (F.2) together with the bound on l/(1 - M(T))-l I[ 
allows us to dominate the last term of (3.3) with 
x I t - 7 IW - hJ POW - wwg, llc) (3.6) 
We now recall that 
and consequently 
9x0) = A(t) do) + FCC d 
II 4) dO)ll d II m + II WY v)ll 
G sup II 9m + PO II 9J llc + II F(4 O)ll BEI 
= II 40 P l/c + PO II v llc + II FCC ON 
Because a(t) is the infinitesimal generator of a semigroup which has exponential 
representation given by (2.11) we can invoke Theorem 1 of [4] to insure 
/II &t)v 111 = ]I A^(t)rp (/c and hence we have: 
II 4) dO)lI < III 4%J Ill + A II 9J llc + llF(C w. (3.7) 
We now turn our attention to jl(I - AA(t))-l, /Ic and observe that: 
IlU - mY g, I/c G II F IIC + ll(~ - W))-’ v - v IIC 
G !I v llc + w - 4l) Ill 40 TJ III. 
(3.8) 
If we use (3.7) and (3.8) to replace jl A(t) v(O)11 and l/(1 - h&(t))-$ /jc it is not 
difficult to combine (3.4), (3.5) and (3.6) to produce an increasing function 
L*[O, co) -+ [0, co) so that 
IIV - ~4w1p, - (I- wwp, II G h I t - 7 I L*(ll 9) Ml + Ill &)Y III). 
Because D(&t)) is dense in C we can use Lemma 1.4 [6] to extend the above 
inequality to all of C. Thus property (C.4) is satisfied and the product integral 
exists. 
We now show that the nonlinear evolution operator defined by the product 
integral (3.2) is the nonlinear evolution operator associated with solutions 
to (2.5). 
THEOREM 3.9. Let {A(t) 1 t E [0, T]} b e a family of linear operatou which 
satisjies (L.l) through (L.3) and suppose that F: R x C + X satis$es (F.l) and 
(F.2). The limit: 
U(t, i-) v = $+i fi (I - (t - T)/~.A(T + i(t - ~)/n)-‘v (3.10) 
Z=l 
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Proof. Because unique solutions to (3.11) exist we can specify a nonlinear 
evolution operator acting on C by defining Zi(t, T)F = xt(v). Proposition 3.1 
allows us to construct a nonlinear evolution operator V(t, 7) as a product integral. 
We now need to show that U(t, T)P = V(t, r)q. 
For each t E [0, T] and n E Z+ we form the everywhere defined Lipschitz 
continuous Yosida approximation A(n, t) = d(t)(I - l/nA(t))-r. Each A(R, t) 
is the infinitesimal generator of an w-contractive semigroup which satisfies (L. 1) 
through (L.3) with L and w independent of n E Z+. We consider approximating 
functional differential equations of the form: 
R(n, p))(t) =A(% t) x(n, y)(f) + F(4 %(% sjj> 
x,(72, sj)= 9) E c. 
(3.12) 
The Lipschitz continuity of A(n, t) and F insure unique existence of solutions 
to (3.12). Since (A(n, t) 1 t E [0, T]} satisfies (L.l) through (L.3) we are 
guaranteed unique solutions to: 
Since {A(n, t) 1 t E [0, T]) is everywhere defined, solutions to (3.13) can be 
differentiated to obtain solutions to (3.12). U ni q ueness guarantees that solutions 
obtained by differentiating (3.13) are the only solutions of (3.12). We can use 
solutions to (3.13) to define a nonlinear evolution operator, U,(t, T), on C by 
the formula 
It is not difficult to see that the operators {a(,, t) j t E [O, T]) defined by 
A(% t) ,pj = +(e) 
qj&, t)) = {g’ / rfl E c, c@-(O) = A(% t) do) f m 941. 
satisfy (C.l) through (C.4) with constants independent of n. Thus by Proposi- 
505/3+-7 
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tion 3.1 there exists for each n E Z+ family of nonlinear evolution operators 
which have product integral representation: 
V&, T) 9) = fir (I - (t - T)/&@, 7 + i(t-~)/n>)-’ 9. i=l 
Furthermore the continuity of A(n, t) allows us to invoke Theorem 2 of [8] 
to observe that Un(t, 7) = Vn(t, T). 
It is a known result in the theory of linear semigroups, cf. [15, p. 391, that 
for all x E X, lim,,,(l - hB(n, t))-1x = (I - AA(t))-% and therefore by 
virtue of Lemma 2.12 we have lim n+m(I - ti(n, t))-lp) = (I - Ad(t))-$2 We 
now apply the Crandall-Pazy approximation theorem to observe that 
and that the limit is uniform for t E [0, T]. This result also implies that for 
each XE X, limn+m T/V,(t, s)x = IV(t, s)z Because U,(s, T)T = x,(n, 9’) con- 
verges to I/(,, ~)p) in C and x(n, v)(t) = (VJt, 7)~)(0) we can apply a standard 
convergence argument to (3.13) to conclude that: 
We define y(.)(- co, T] -+ X by the equation: 
r(t) = V(t, +Pm t----720 
= p(t - T) t<T 
It is not difficult to use approximating Eqs. (3.13) to see that ys = I’($, T)y and 
Solutions to (3.11) are unique; therefore, +))>(t> = J’@) = (v@, T)d(o)* 
Moreover, by definition we have xs(p) = u(s, ~)p). Thus U(s, T)T = x,(q) = 
ys = v(s, T)p) for s E [T, T]. 
We can use the foregoing representation to prove Theorem 2.6 i.e. establish 
that a(t) is the infinitesimal generator of u(t, T). 
Proof of Theorem 2.6. The proof consists of two parts: Arguments appearing 
in [21, Proposition 3.21 and [IO, Theorem 21 are readily adopted to show that if 
F is in the domain of the generator then a(t)p) = $J where, 
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We now assume that 9, E D(A(t)) and we argue that limh+,a+(U(t f h, t)p) - pp)/h 
exists. The previously cited results in [21], [lo] establish that d(t) is the 
infinitesimal generator of a nonlinear semigroup {S(T) / 7 > O> which has 
the exponential representation given by formula (2.11). Moreover, we have: 
The limit for the first term on the right side of 3.12 is zero (cf. [6]; Lemma 3.1). 
Thus the limit of 3.15 exists whenever the limit of the second term on the right 
side exists; this limit exists because 9) E D(A(t)) and a(t) is the infinitesimal 
generator of (S(T) 1 T >, O}. 
We can now immediately obtain an approximation theorem for solutions 
to (2.5). Let (A(n, t) 1 t E [0, oo)> and F,: R x C -+ X satisfy conditions (A.l) 
and (A.2). We denote the linear evolution operator generated by ,4(n, t) by 
FI’Jt, T) and consider approximating equations of the form: 
Solutions to these equations may be used to define nonlinear evolution operators 
on C by the equation U,(t, T)? = x,(n, p). If we employ (2.7) to define operators 
ff(z, t): C ----f C, Theorem 3.9 yields the representation, 
UJt, T) 9) = lim fi (.I - (t - 7)/712J(n, r + i(t - ~/rn))>-~ 9). 
m+m i=l 
As before (U(t, T) / t E [0, T]) will be the nonlinear evolution operator associated 
with solutions to (3.11). We have the following result: 
THEOREM 3.17. For n E Z+, let (A(n, t) 1 t E [0, T]) and F,: [0, T] x C + X 
approximate (A(t) / t E [0, T]} and F: [0, T] x C --f X in the fushiorz described 
b,y (A.l) and (A.2). For all p E C, limnlm r;-,(t, ~)p = Lr(t, T)v uniformb for 
t E [O, T]. 
Proof. We first observe that the restrictions imposed by (A.l) and (4.2) 
guarantee that the operators {a(,, t) I t E [0, T]) and {a(t) j t E [0, T]) satisfy 
(Cl) through (C.4) with constants independent of 12 E Z+. Lemma (2.12) states 
that lim.,,(I - hff(n, t))-ly = (I- d(t))-lp Theorem 3.9 provides a product 
integral representation of solutions to (3.11) and (3.16). The Crandall-Pazy 
approximation theorem [6, Theorem 4.11 immediately applies to yield the 
d.esired convergence of ?&(t, T)y to u(t, T)T. 
We remark that the convergence of (I- hA(n, t))-l to (I - AA(t))-l can be 
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obtained by placing appropriate conditions on the convergence of A(n, t)x 
to A(t)x. For example if {e tA(r) 1 t > 0} denotes the linear semigroup whose 
infinitesimal generator is ,4(~) we can use {e tA(7) 1 t 2 O> to construct the finite 
difference approximation -4(h, T) of A(T), i.e. we let 
A(h, T) = (ehA(T) - I)/lz. 
It is well known (cf. [26]) that (I - hA(h, T))-l converges in the strong operator 
topology to (I - AA(t))-l as h decreases to zero. 
In this section we provide two example to illustrate the relationship of our 
theory to partial functional differential equations. We first consider a semilinear 
hyperbolic equation of the form: 
&(x, t)/iit = -a(t, x) au(x, tyas + f(t, m, u(s, w(t))) 
t E [O, q, -03<x<cc 
u(x,O) = U(X) (4-l) 
24(x, s) = qx, s) ---co <x< co, SE[-r,O] 
t - r < w(t) < t. 
Here we require that a(t, x) > a, > 0, a(t, x) is bounded and uniformly 
continuous in x and Lipschitz in t; f is bounded in zc and Lipschitz in its first 
and third places; and that w(t) is Lipschitz. If X denotes the space of bounded 
uniformly continuous functions (-CO, CO) we realize (4.1) as the Banach 
space differential equation: 
%4(t) = 4t) x(T)(t) + WY xtb)) 
where A(t)u is defined to be the operator on X satisfying 
A(t)u = -a(t, x) zi 
II(&)) = (24 [ u’ E X}. 
(4.2) 
We take C to be the space C([--r, 01, X) and F is the nonlinear function defined 
pointwise by the equation, 
F(t, !P(s, x)) = f (t, x, Y’((w(t) - t, 3)). 
It is not difficult to see that F so defined satisfies the Lipschitz properties (F.l) 
and (F.2). The operator A(T) can easily be shown to be the infinitesimal generator 
of a group of translations on X explicitly given by 
(ehA(d ) u(x) = u(x - ha(7, x)). 
Since (@A(T)) is an isometry on X it clearly satisfies (L.2). The continuity 
requirement for A(+ is obviously satisfied and Proposition (2.1) provides the 
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existence of mild solutions to (4.2). W e approximate these solutions in a 
straightforward manner. Let E, 4 0 then 
-4(% I t) u(x) = (e@(f) - q/en = (zL(.r - E,f.+, xj) - U(X))r'E.n . (4.3) 
If F E C we extend its domain of definition to [-r - 1, 0] by defining 
y*(s, x) = qo(s, m) if s E [-r, 0] 
= $0--r, x) if s E [--I - 1, -1,). 
We denote by v(en> the element of C which is defined 
lp(c&, x) = cp”(s - E, , x) for s E c-r, 01. 
We now define the operators 
It is immediate that F,t satisfies our convergence requirements. 
Theorem (3.14) guarantees the convergence of the approximate solutions: 
to solutions of (4.2). Furthermore the delay of Eq. (4.4) is positive definite 
and consequently the finite difference approximations can be solved via the 
method of steps. We remark that the hyperbolic equation (4.2j arises in problems 
of stream modeling. The quantity U(X, t) denotes the concentration of dissolved 
oxygen in a stream at position x and time t, a(t, X) denotes the velocity of the 
stream at position x and t and the nonlinear delay term will denote a source 
distribution of dissolved oxygen. (cf. [7]). 
As a second example we apply our theory to demonstrate the continuous 
dependence of solutions of a parabolic delay equation on its coefficients. We 
consider a problem of the form: 
au@, tp = f aif(t) a”u(r, t)pk, axj 
i,j=l 
+ i &(t) &4(x, t),‘&$ + c(t) 24(x, t) (4.5) 
i=l 
+.fp, 4% t - yj) y > 0, t E [O, T] 
4% 6) = 54% 0) for -r<B<O 
where x = (x1 ,.~., x,,) E Rn. We require that the coefficient matrix [aij(i)] 
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be positive definite; each of [Q.&Q], hi(t) and c(t) be uniformly Lipschitz and 
that f be Lipschitz in each place. 
We place our problem in a Banach space as follows: The analysis for the 
linear portion may be found in J. Goldstein [14]. Let X be the Banach space 
of bounded continuous functions which vanish at 00 and are equipped with the 
supremum norm. We formally define, 
(L(t)) u(x) = f aij(t) a8u(x)jaxi axj + f b(t) au(x)/ax, + c(t) u(x). (4.5) 
i,3=1 i=l 
It can be shown [13] that there exists a strongly continuous w-contractive 
semigroup having infinitesimal generator A(t) in X such that A(t)v = L(t)v 
for all v E (U E V 1 &/axi , a”~/&~ axj E X, 1 < i, j < 1z and w has compact 
support in P). It is readily apparent that {A(t) [ t E [0, T]} satisfies (A.l) 
through (A.3) and consequently generates a linear evolution operator on X. 
We let C = C([-r, 01, X) be the space of continuous functions from, 
[--F, 0] to X with the supremum norm. If 9) E C we defineF(t, v) = f(t, 91(--r)). 
It is immediate that F so defined satisfies requirements (F.l) and (F.2). We 
thus rewrite (4.5) as a delay equation in X, 
Our theory guarantees the existence and product integral representation of 
mild solutions to (4.6). Furthermore if a,@, t), bi(k, t), c(K, t), f(k, ti) satisfy 
these conditions with the same constants and lim,,, Qk, t) = a,(t); 
lim,,, b,(K, t) = &(t); lim,,, c(k, t) = c(t); and lim,,,f(k, t, y) = f(t, 93) then 
the mild solutions to the associated abstract problems 
x(p)(k t)= J/V,(t, 7)~(0) +j-” Ft’dt, s)F(s, x,(v)(k, 4 as 7 
converge to x(p))(t). 
We conclude by remarking that in each of our examples our techniques 
may be used to provide information about the stability and growth of our 
solutions (cf. [S], [12]). 
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